Three-dimensional shakedown solutions for anisotropic cohesive-frictional materials under moving surface loads by Wang, J & Yu, H-S
This is an author produced version of Three-dimensional shakedown solutions for 
anisotropic cohesive-frictional materials under moving surface loads.
White Rose Research Online URL for this paper:
http://eprints.whiterose.ac.uk/124073/
Article:
Wang, J and Yu, H-S (2014) Three-dimensional shakedown solutions for anisotropic 
cohesive-frictional materials under moving surface loads. International Journal for 
Numerical and Analytical Methods in Geomechanics, 38 (4). pp. 331-348. ISSN 0363-9061
https://doi.org/10.1002/nag.2207
This is the peer reviewed version of the following article: Three-dimensional shakedown 
solutions for anisotropic cohesive-frictional materials under moving surface loads, which 
has been published in final form at https://doi.org/10.1002/nag.2207. This article may be 
used for non-commercial purposes in accordance with Wiley Terms and Conditions for 
Self-Archiving.
promoting access to
White Rose research papers
eprints@whiterose.ac.uk
http://eprints.whiterose.ac.uk/
For Peer Review Only





	
	
	
	
	


	
		




	
	
	

	

		





	 

	 
 !"#!	 $
%"&'	 ()*+,'(")-'.((
)*+,'(")-'.((
/0#	
1#0)
%"!))
)",(#



http://mc.manuscriptcentral.com/nag
International Journal for Numerical and Analytical Methods in Geomechanics
For Peer Review Only



	






	
	




	









 !"

#$!%&!'#%
%!(
)$**+,-.-/,0


1$2##



!&
)34&2#
2#35
20-






Page 1 of 33
http://mc.manuscriptcentral.com/nag
International Journal for Numerical and Analytical Methods in Geomechanics
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
For Peer Review Only
*

 
4! (  # ( &  
4
 #
!#4!
6& 
#%1!

 &6
 
 4##%)  
    # 4  # ( !    
4  
   
 #     
% 7 6!
( #  !  4 ( !% 8  
!  
 
 !#6 & 
  
 
 
   
!4  
(!%8!(!
 
#  # 6&9!7#!!    
  !6!

!6&#!!
!
!%
 &#&

6&#


(#!
#:#!#4!
%) 
(#4



 (4!#&

!
#&%
!"
	(&;!#6
;
 &; 
 &;#4

#$%


	(  (  #
 
 
 !
!!  
 !&
&
&


64&#6(
#"6!! # 
#%14&  
64 ( # !
!& ! !!#

# 
#!
 <*=%
8    

    6 
 ! : # 
!#
((&   
4 6#
 4# ! #4 
  <->=% 1 (& (    & ( & 
 4#    # 
&  ( #   4  4#
!
!%)!##
6! ! $(#
!  6!
(#<0=
6!(#<,=%?!  
6!(#6! 4#(&

6##!
<@**=!6!
Page 2 of 33
http://mc.manuscriptcentral.com/nag
International Journal for Numerical and Analytical Methods in Geomechanics
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
For Peer Review Only
-

( ##& #  # 
 </ +*-*>=%) 
6! !6 !&:  # 
! &

(  <*0*,=% )# 
 6! ( !   6& 9! 
?<*,=6!# 
4
 
 
%8
&46&

  4##:6#
   & 6
!  
   4
&   6   
A
<*@-*=%16! &#&!
4#!#6
 
&!!<*@---/=%
1.1. Elastic Anisotropy 
#&!# 6#!#4 4
:
&##&#  &A
6!  
4
 
 <-+=% ) (   &  (  
 &  4
 &%8
 64!
 
#
6
6
$
*B B B
B *B B
B B *B
*B -
*B -
*B -
xx xxh h h vh v
yy yyh h h vh v
zz zzhv h hv h v
xy xyh
xz vh xz
vhyz yz
E E E
E E E
E E E
G
G
G
δε δσυ υ
δε δσυ υ
δε δσυ υ
δε δσ
δε δσ
δε δσ
   − − 
    − −    
    − −
=    
    
    
    
         
         *"

#δσij
#δεij:%%i 
jx:y:z:"z:64
;Eh9!7#!!
AC"
;Ev9!7#!!4
"
;Gh#!!
 A  ; Gvh   #!!  C  ; υh  7  
 
A
# #&A";υvh7
4

  A "; υhv  7  
  A   4

"%)   
 6   # D%- E D%."    

 
#
6!&6&4  #%
-* "
h
h
h
E
G
υ
=
+
                           -"
vh v
hv h
E
E
υ
υ
= %                            ."
Page 3 of 33
http://mc.manuscriptcentral.com/nag
International Journal for Numerical and Analytical Methods in Geomechanics
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
For Peer Review Only
.


   
46&: %:# & 
4!
EvBEh
&#&#%-+*%**<-+-0=%: #!<-,-@=
 4 <.=   #     &EvBEh # *%>  -%
#  C!6& <-*=      
  &  ! 
& 
 6

66& #$E
*
υ
F
α6&4$EvGE
F

EhGα
-
E
F
υhGυ
F
υvhGυ
F
BαGvh GαE
F
B-H-υ
F
"Gh Gα
-
E
F
B-H-υ
F
"% 
1.2. Plastic Anisotropy 
I6&   #    
# 
!    4 
#
 
%<-.*..="%86
  4 

!   & #!

#

 &
%<-.../="%!
!
46!
6 
64!%
<.+.>="%C4#!!& 
6! 

%
) #  !         4  6! ( ! 
 
! ##4!
 %9! <*0=9!
? <*,=7 
 ( # 6 !  4  6!
( !% 7 ( #    
 
&  

!
!  (   
#6   !
 
    
D!6 !     4  & 
% 8     
  
!#6 & 
 6 !
 

! 
 
   
 
% ) 
  &  6 
 6& !


 
 
%
&$ 	


)    
  #!   
   
4
    

 
4
:&##&!*%1#
 &6
6&!A 
&

% 1 # !
 

  
!  #  ! p  
!

q#4x
%pq!#66!


D!

!ax
-
Hy
-
 ≤ a
-
"$
( )*B -- - -.
.
-
P
p a x y
aπ
= − −                        /"
Page 4 of 33
http://mc.manuscriptcentral.com/nag
International Journal for Numerical and Analytical Methods in Geomechanics
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
For Peer Review Only
/

( )*B-- - -.
.
-
Q
q a x y
aπ
= − −                        +"
P    # 
   z
 Q     
  x

% )  6!   (   # CA 
6!%8#:#!# !pG.PB-πa
-



xGyGzG
"%)# !# 6
6& 


"G
QBP%
'$(


C <.0=4 
#:   
   
 

 
z J!#CA6!D%/ED%+%4


 ** *. .. // >>   A A A A A !#646$
** ** >> *.
** >> ** *.
*. *. ..
>>
//
//
-
-
xx xx
yy yy
zz zz
xy xy
xz xz
yz yz
A A A A
A A A A
A A A
A
A
A
δσ δε
δσ δε
δσ δε
δσ δε
δσ δε
δσ δε
   − 
    −    
    
=    
    
    
    
        
%          >"
)4

9!7#!!#!!7 
$
**
* vh hv
h v
A
E E
υ υ−
=


*. -
hv h hv
h
A
E
υ υ υ+
=


-
.. -
*
h
h
A
E
υ−
=


// - vhA G=  >> -
*
h
h
h
E
A G
υ
= =
+


( ) ( )
-
* * -h h hv vh
h vE E
υ υ υ υ+ − −
 = %
3  
#6
* -  -  xx yy xx yy xy z xz yzi iσ σ σ σ σ σ σ τ σ σ= + = − + = +  

: 46&C<.0=%
)
!#P46$
( )
( )
( ) ( )
- --
. * - ->>
* *.
*
*>


*
k k k
k k
k k k
m l aHPA
z a l a
a m
γ γ
σ
γ ρ=
  − +   
= − −   
−      
∑          0"
( )
( )( ) ( )
- -
. - - - ->>
- * *. -
*
-
- -
*
i
k
k k
k k
HPA e
a l a a a l a
a m
ϕ γ
σ
ρ =
   = − − + −  −  
∑          ,"
Page 5 of 33
http://mc.manuscriptcentral.com/nag
International Journal for Numerical and Analytical Methods in Geomechanics
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
For Peer Review Only
+

( )
( ) ( ) ( )
-
* * - -
*.
** -
.
* 

-
k k
z k k k
k
l aP
z a l a
a
σ γ
π γ γ ρ
+
=
    
= − − −   
−      
∑          @"
( )
( ) ( )
( )
( )
- --
* -*
. -
** - -
.
* 

/
k kki
z
k k
a l a al aP
e
a l a
ϕτ ρ
π γ γ ρ
+
=
  −   = − − +  
−      
∑ %         *"

)
!Q46$
( ) ( )( )
( ) ( ) ( )
- --
. * * - ->> * -
* *. - -
*
*.


- *
k k k ki i
k
k k k
m l a l aHQA
e e l a
a m
ϕ ϕ γ γγ γσ ρ ρ
γ ρ ρ
−
=
  − +   
= + − + −   
−      
∑    **"
( )
( ) ( ) ( )
( ) ( )( ) ( ) ( )
( ) ( )
-
* * - ->> * -
- *.
*
.
*. - - - - . - -
* * *. .
*. *.
.
.
. * *


* - -
/
 - -
.
. *
 

- -
k ki
k
k k
ki k
k k k
i
l a l aHQA
e l a
a m
l az
e l a a a l a a l a
l a l aQ
e
a
ϕ
ϕ
ϕ
γ γ
σ ρ ρ
ρ ρ
ρ
ρ ρ
ρ
π γ ρ
=
      
= − −   
−      
    − + − − + −    
   
 
− − 
 
∑
( )
( ) ( )( ) ( ) ( )
- -
*.
.
*.. - - - - . - -.
*. *. *.. .
-
/
 - - 
.
i
l a
l az
e l a a a l a a l a
ϕ
ρ
ρ
ρ
ρ ρ
   
−  
   
    + + − − + −       
      *-"
( ) ( ) ( )
( ) ( ) ( )
-
* * * - -* -
*. -
** -
.
* 

,
k k ki i
z k
k
l a l aQ
e e l a
a
ϕ ϕγ γσ ρ ρ
π γ γ ρ ρ
+−
=
    
= + − − + −   
−      
∑      *."
( )
( ) ( ) ( )
( )( ) ( )
( ) ( )
( )( ) ( )
* . - - - -
-
* ** - - -* -
*. -
** -
. - - - -
*. *.*. - - -
. *.. -
- -*.


/ .
- -.
 
 
/ .
k
k kk i
z k k
k k
i
a l a a a l al aQ
z a l a e
a
a l a a a l al aQ
z a l a e
a
ϕ
ϕ
γ γ
τ
π γ γ γ ρ ρ
π ρ ρ
+
=
  − + −−    = − + − −  −      
 − + −  − − + − + 
   
∑
 */"

-  * -"k kn kγ = = 
- //
.
>>
A
A
γ = 
Page 6 of 33
http://mc.manuscriptcentral.com/nag
International Journal for Numerical and Analytical Methods in Geomechanics
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
For Peer Review Only
>

kn 
# :
K!"D!
D!$
( )-** // *. *. // ** .. .. //- A A n A A A A A n A A+ + − + =   
( )
( )
* - **
-
** .. *.-
A
H
A A A
γ γ
π
+
=
−

k
k
z
z
γ
=

- -x yρ = + 
( )
( )
 L 

 B  

 B  
y x
y x
y x
ϕ ρ
ρ π
= =

= ≥
 + <

( ) ( ) ( )( )- -- -* *
-
k k k
l a a z a zρ ρ= + + − − +

( ) ( ) ( )( )- -- -- *
-
k k k
l a a z a zρ ρ= + + + − +
%
)
4!&
66! ( )* - B -xxσ σ σ= +   
 "   "xz z zz zσ τ σ σ= = #&  zσ !64&#"%
)$
"
I <.-= !#   
    
!  4  
 


6
66&##
: $
- " h v hc c c cθ θ= + − ˈ                     *+"
chcv4!
A4
  
4&
 cθ  
#! 
θ A
 %
Page 7 of 33
http://mc.manuscriptcentral.com/nag
International Journal for Numerical and Analytical Methods in Geomechanics
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
For Peer Review Only
0

 
#
4 
!#6!

4%1

9!	<-/=
# 4 4
4  6!-"
6!$
-  "  n h v h ns c c c cθ σ φ θ σ φ= − = + − −               *>"
#
#  6$
- - 
  -n xx zz xzσ σ θ σ θ σ θ= + −                  *0"
 
  
 
-xx zz xzτ σ θ θ σ θ θ σ θ= − + + %              *,"
φ #
%
)#!6#%% sτ − ≤ "$
[ ]
( ) ( )- - -
 
  
 
 -
   
  - %
xx zz xz
h v h xx zz xz
c c c
σ θ θ σ θ θ σ θ
θ φ σ θ σ θ σ θ
− + +
 − + − − + − ≤ 
       *@"
3D!

 
( ) - 
 -
-  
zz xx xz
v h xz xx zz
s
c c
τ σ σ σ φ
θ
θ σ σ φ σ φ
∂ − − −
= ⇒ =
∂ − + − +
            -"
!


4
6$
( ) ( ) ( )- - --  -     zz xx xz v h xz xx zz v h xx zzf c c c cσ σ σ φ σ σ φ σ φ σ φ σ φ= − − + − + − + − + − − ≤ % -*"
*$


+
  7 ( #  
  ( &    
#:#!##6
D!6!
6!
4&
%!!

&
# 
  
! 
#%8
#  
 #& 6   : 
#   !   
# %C4&##&
# #
%
 6#

##!
 

  4
 :  &##&  !  # #   
!    6     4 x" 
% 8   6
Page 8 of 33
http://mc.manuscriptcentral.com/nag
International Journal for Numerical and Analytical Methods in Geomechanics
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
For Peer Review Only
,

# 6& 9! <*0=  9! ? <*,=  !  #4 #
CA  6!  # 

      
   
 xz  
 6& y G%M    & 6 !   A !
 rxxσ 6
! D!6!#6!&
#  6&
! rxzσ !4

r
zzσ %)
#4CA 6!#yG &4##

6!#
!$
e r
xx xx xxσ λσ σ= +                         --"
e
zz zzσ λσ=                           -."
e
xz xzσ λσ=                           -/"
 λ   #   #  eijσ   
   !  !
 ! p %
8y
A!
r
yyσ #&:!#
yG 
e r
yy yy yy
σ λσ σ= + %	
 ryyσ 6&!
 z
6

 yyσ &# 
 %8#K
# 
 &yG %
8 
!#6&
D%-*!
6
# & 
  yyσ   #  D% -- E D% -/  
!6!   & 
 D% -*  &  D!# 7 (
#4$
( ) ( )
( )
- -
-
-  -   
    
e e r e e e r e
zz xx xx xz v h xz xx xx zz
e r e
v h xx xx zz
f c c
c c
λσ λσ σ λσ φ λσ λσ φ σ φ λσ φ
λσ φ σ φ λσ φ
= − − − + − + − − +
− + − − − ≤
  -+"
)64(

6$
( )- rxxf σ= + Μ + Ν + Ρ ≤                      ->"
Page 9 of 33
http://mc.manuscriptcentral.com/nag
International Journal for Numerical and Analytical Methods in Geomechanics
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
For Peer Review Only
@

 rxxσ D!6
( )-  e e exx zz h zzcλσ λσ λσ φ φΜ = − + − 
( ) ( ) ( )- --/  * e exz h zzcφ λσ λσ φ Ν = + − −   
( ) ( )/ e ev h xz h zzc c cλσ λσ φ Ρ = − − −  %
8!6 vc D! hc AD%->6
#D!4
(
9!?<*,= 

 
#%
8&D%->
#!6#$
Ν + Ρ ≤                            -0"
)64
D%-0
6$
Α×Β ≤                            -,"

( )e exz h zzcλσ λσ φΑ = − − 
( ) ( )- * e exz h zz v hc c cφ λσ λσ φ Β = + + − + −  %
)6*!##
λ &D%-,
e ezz xza σ φ σ= +                         -@"
( )
-
-
* 

B 
e e
zz xz
v h
b
c c
φ
σ φ σ
φ
+
= −
+
%                  ."
1& xyz"  
 ab
6 44!6K
 

 %
#6ab

 #λ &D%-,%	

 
 
4
λ  4(
 
#!6


$
Page 10 of 33
http://mc.manuscriptcentral.com/nag
International Journal for Numerical and Analytical Methods in Geomechanics
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
For Peer Review Only
*

* - .
# # # # # h h h h
case case case
c c c c
a b a b
λ
       ≤               
%             .*"
)64

6$
( ) ( ) ( )
* - .
#: #: #: #: 
h
case case case
c
a b a b
λ ≤
 
 
                .-"
& 
 ! 4& 
    
   #:#!# 4! 
( ) ( ) ( )
* - .
#: #: #: 
case case case
a b a b 
 
 

 4
&(#
sdλ 
6&$
( ) ( ) ( )
* - .
#: #: #: #: 
h
sd
case case case
c
a b a b
λ =
 
 
%                .."
D%..# D!6!#
! 4
#:#!#6!&   ! 6! ( #% 8  D! 
! 
66!(#!(!%C4D%->
D!6!#
# #
!$
*"D% -> D!   &   i    
  ! 
r
xxσ #! 6
6f= $
r
xxi i i i i iσ−Μ − −Ν −Ρ ≤ ≤ −Μ + −Ν −Ρ                ./"
 i i−Ν − Ρ #!64
&(
D%.-
%
-") D!6!# 
 D!   !  rxxσ  &  


 z = j#!6!D!%) 6! z = j#!
6
$
#: " # "ri i i xx
z jj
i
z
i iσ == −Μ − −Ν − Ρ ≤ −Μ + −Ν − Ρ≤
           .+"
Page 11 of 33
http://mc.manuscriptcentral.com/nag
International Journal for Numerical and Analytical Methods in Geomechanics
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
For Peer Review Only
**

 # "
z j
r
xx i i iσ == −Μ + −Ν −Ρ
   N##!#  7" 
#: "
z j
r
xx i i iσ
=
= −Μ − −Ν −Ρ    N#:#!# # 7"   


!%
4 #λ D!(#

!
 ##!#  #:#!## "  !6! D%-> 
#: " 
z j
f
=
= %C4λ(##: "
z j
f
=
6
A%)6
!λ64(## 6
 
## !   #( f ≤        #  % )  
( 6#
6##
#!$
( )( )
( ) ( )
#:# 
  
# "

!6K

 #: "%
r e e
xx
r e r e
xx xxi i i i i i
z j z j
f
λ
σ λσ λσ
σ λσ σ λσ
= =
−Μ + −Ν −Ρ −Μ −
 ≤
−Ν −= = Ρ



  .>"
D%.>
6 !
  : &46λ  
###$
( )
#:# 
!6K
 %f
λ
λ ≤
                       .0"
&!
!D%0ED%*/#:#!# ##(
fλ"≤   
!6!(#
O
sdλ 
  
 6#%
,$-	

8
 
!!#:#!# #D%.>%
) 
 !46 ## M)12%) 
 
4646&
# # !!11P3	%!
 
!
 &&

 
 &%
Page 12 of 33
http://mc.manuscriptcentral.com/nag
International Journal for Numerical and Analytical Methods in Geomechanics
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
For Peer Review Only
*-

6.1 Shakedown solution procedure 
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6.2 Results and discussion 
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6.2.2 Effect of elastic cross0anisotropic parameters 
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6.2.3 Effect of plastic anisotropy 
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6.2.4 Effect of combined elastic and plastic anisotropies 
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